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Abstract 

1^ ■ We deal with the gravitational theory relevant to gravito-electromagnetism 

(GEM) exactly. It is shown that the theory can be decomposed in terms 
of two sectors of Abelian gauge field theories. The two sectors dominate 
^ ■ the whole action in an inverse way, showing a sign of strong-weak duality. 

in 



1 Introduction 



One of the earliest observations on the formal analogy between gravitation and 
electromagnetism is the speculative gravito-electromagnetism (GEM), found more 
than a century ago P,[2] (for reviews, see [S, HI O [6] ) . An unavoidable conclusion 
from GEM is that a rotating mass can produce garvito-magnetic (GM) fields, 
^ I which will cause a precession of planetary orbits [7]. This effect is later generally 

I studied in general relativity, known as the Lense-Thirring effect [8] . It is a mis- 

sion of the satellite Gravity Probe B to make precise measurements on the GM 
field of the Earth via the gyroscope precession. However, the GM force is too 
weak and so is not easily detected [H [10] . Some aspects of GEM are discussed in 
[m [in [131 [13] . The most recent observational results from the Gravity Probe B 
are present in [151 [IB] • 

In string theory, gravitational fields are described by the massless states of 
closed strings which have two sectors: the left-moving and right-moving modes, 
and gauge fields are massless states of open strings that has one of the moving 
modes of closed strings. In [17], it is revealed that the closed string scattering 
amplitudes can be expressed as a sum of the products of open string ones re- 
spectively in the left- and right-moving sectors of closed strings. Similar relations 
are also found in gravity and gauge theory. From perturbation calculations of 
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scattering amplitudes, it is found that gravity appears to contain two copies of 
gauge theories (e.g., see reviews [HI [19]). 

In this paper, we investigate pure gravity along this line. We show that the 
gravitational theories with metrics relevant to GEM can be decomposed in terms 
of two sectors of Abelian gauge field theories, so that the GEM can be clearly seen. 
We therefore can study gravity by studying the two sectors of gauge field theories 
instead. Our approach to GEM is exact, in contrast to the usual approach based 
on Einstein's equations in linearised gravity. Therefore, the GEM results apply 
to the cases with non-static metric as well as strong metric fields, including the 
situation in the near-horizon regions where the gravity /gauge-theory duality was 
originally found. 

The paper is organised as follows. In Section [21 we give a brief introduction to 
the original GEM based on Einstein's equations in linearised gravity. In Section 
[2] and [H we decompose the gravity with two kinds of metrics that are relevant 
to GEM into two sectors of Abelian gauge field theories. Conclusions are made 
in the last section. All through the paper, the Greek indices /i, z/, p denote the 
four spacetime dimensions and the Latin indices A; denote the three spatial 
dimensions. 



2 GEM in linearised gravity 

GEM is usually discussed in the linearised gravity. We start with the Einstein- 
Hilbert action given by 

where g is the determinant of the metric field g^y. 

In perturbation discussions, the metric is written as a sum of a perturbation 
part and the Minkowski metric: 

g^iu = r]^u + h^^. (2) 
If one only considers the leading order terms of h^y, the Ricci tensor is 

R^^^ = ^{d^d^hpu + d^duhp^ - d^d^h - Dh^u), (3) 
and the Ricci scalar is 

R = d^d^h^y - Oh, (4) 

where h = rj^^hfj^y and □ = rj^^dndp. Thus, the Ricci tensor and scalar are 
both composed only of second derivatives of the metric fields. Defining h^y = 
hpv — with h = rj'^'^hpy, the Einstein's equations can be simply written as 

□V = -ISTrGT^,, (5) 



2 



where □ = rj'^'^dud^, if we employ the harmonic or Lorentz gauge: 

= 0. (6) 

For slowly moving matter with v c, the components of the energy-momentum 
tensor are: T^^ = pc^, T^^ = pcv^ and T^^ = pv^v^ + pS"^^ , where c is the speed of 
light (but we will use the c = 1 convention in the following discussion). Hence, 
2^00 ^ rpOi ^ j^ij ^ terms of (E]), it turns out that the resulting metric solution 
is 

ds^ = -(1 - 2<l>)dx°dx° - 4(1 ■ dx)dx^ + (1 + 2$)dfl (7) 

For a central mass, the potentials at some distance r far from the centre are: 
$ ~ GM/r and A ~ GJ x x/r^, where M and J are respectively the mass and 
angular momentum of the central mass. Thus, they satisfy the harmonic gauge 
condition mentioned above and so the Einstein's equations ([5]). 

The gravito-electric and gravito-magnetic fields are defined as follows 

E = -V$ - l-doA, B = V xA, (8) 

which are special cases of the more general definitions based on the Riemann 
tensor (e.g., [20l [2TI E]). With them, we can write down a set of Maxwell 
equations for the GEM fields in terms of Eq. ([5]). Thus, a particle in this spacetime 
will sense a Lorentz-type force as a charged particle does in electromagnetism. 

In the next two sections, we shall exactly deal with the gravitational theories 
relevant to GEM discussed above, i.e., the gravity with the metrics similar to the 
GEM metric ([7]). 



3 Decomposed gravity and GEM 
3.1 Gauge field theories in two sectors 

Before going to discuss gravity, we introduce the Abelian gauge field theories 
expressed in terms of two sectors which are used to decompose gravity in later 
discussions. Given a vector potential A^, we define the two sectors of its first 
derivatives 

H^, = d^A, + d,A^, F^, = d^A, - d,A^. (9) 

It looks like that one is the right-moving and the other is the left-moving mode. 
For the F sector, the gauge field theory in the Minkowski spacetime takes the 
well-known form 

Sf = -\ ! d^xF^.F^", (10) 
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For the H sector, we can define the corresponding gauge field theory as 

SH = -\j dHH,uH^' - H'), (11) 

where H = t]'"'H^^ = 2d ■ A. 

The difference between the two actions is 

[H ■ H^"" - H"^) - F ■ F = 4d^f, 3" = A- - A^'d ■ A. (12) 

Hence, the two theories are equivalent in Minkowski spacetime: 

S}j = Sp. (13) 

They have the same equation of motion: d^F^i, = 0, and energy- momentum 
tensor. 

In what follows, we shall show that the Einstein-Hilbert action ([T]) can be 
decomposed in terms of the two equivalent gauge theories Sp and Sh- 

3.2 Decomposition of gravity 

In this section, we first discuss the decomposition of gravity with the Kerr-Schild 
style metric. 

A large variety of gravitational wave and black hole solutions can be expressed 
in the Kerr-Schild Cartesian coordinates. To study the GEM effects of rotating 
objects, we can consider the Kerr black hole solution in the Kerr-Schild metric 
[221123]: 

9t^u = Vl^u + fkf,K, (14) 

where the scalar function / is 

-I- a^z-^ 



= ( 1' t:?-:;^' 7^-7^' - ) • (16) 



and the vector is 

rx + ay ry — ax 
r"^ + a^ r'^ + a"^ ^ r 
The expression of r is determined by 

x' + y' = (r^ + a') (l " ^) • (17) 

In the Kerr solution, the vector is null and has the following feature 

A;2 = 0, k- dk^ = 0, (18) 

if we define fc^ = rj^'^ku- They actually also give rise to k ■ Vk^ = 0, which 
indicates that k^ is null geodesic. 
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In what follows, we consider the generalised Kerr-Schild metric, leaving the 
scalar and vector as free field functions: 

9f.u = Vf^u + e^^A^A,, (19) 

i.e., 

ds"^ = r]^^dx^dx'' + e^^df, (20) 

where 

dl = A^dx''. (21) 

Similar metrics are also adopted in the Kaluza-Klein theory and the canonical 
gravity formalism. 

In this paper, we adopt the following notations 

A^' = 7]^''A,, A^=ri^'-A^A,, (22) 

Indices raised by g^^'^ will be denoted differently. The determinant and inverse of 
the metric can be expressed as 

p2(f> AtjL Ay 

g^deig,, = -{l + e^^A^), ^/^- = + _ _ (23) 

Let us set A^ to be any value satisfying A^ > —1, not restricting on the A"^ = 
case. 



3.2.1 The theory with pure vector fields 

We shall derive the explicit form of the Einstein-Hilbert action with the gen- 
eralised Kerr-Schild metric ( IT9|) . First, we consider the special case that is 
constant or that the scalar is absorbed into the vector field: e'^A^^ — A^. We 
still adopt the notations of the F and H sectors defined in Eq. (|9]) in the gauge 
field theory case. The Christoffel symbols are thus 

= ^g^'^iA^H^, + A,F^„ + A^F,^). (24) 

In the special case with F^y = 0, the Christoffel symbols are simply F^^, = 
-il/2g)A'H^,. 

From the relation: VaiAf^A,^) = V aQ^u — ^aVf^u^ '^^ can derive 

V^A, = d^A, - Yl^A^. (25) 
Thus, indeed acts as a vector. The Lie derivative of the metric along a vector 
£i9^u = d^i, + d,i^ - [{A ■ i)H^, + r + A,F^^)], (26) 



5 



where ^" denotes the vector raised by g^^: = g'^^^p and A ■ ^ = Aa^" = 
A- + A"^) (because the vector has been defined as raised by 77"^). The Lie 
derivative of the vector is 

£^A^ = CdaA, + A^d^C = d^{A ■ - CF,a, (27) 

which leads to 

£^{A^A,) = d^{A-U,) + d,{A-U^)-[{A-OH^, + C{A^F,^ + A,F^^)]. (28) 
Thus, 

£iV,u = d, (^e. - ^^^•^) +^'^ (^/^ - ItI^^^) = Vuad,C+V,aduC- (29) 

For orthogonal vectors satisfying A ■ ^ = 0, this is simply: £(^rj^y = d^^y + d^^^. 
When A? is constant, £A'UtJiy = H^^/il + A^). The condition that A^ is Killing 
vector is H^y = 0. 

The Riemann tensor from the Christoffel symbols ( l24l) is 



R\nu = ::9''{K,{AvH,. + A^F,, + A,F,,) - TUA.H,^ + A^F,, + A,F, 



-F^.F^x}-m 



In the derivation, we have used V^g^^ = 0. The Ricci scalar is thus 
R = ^g^'^g'^ig^^A.A.iH^pHy^ - H^^H^p) - 2A,A,F,pFy^ 

+2AaApF^^Fyr, - AAaAfsF^^iHyr, + Fyr^)] + AAlad(3]F^y 



(31) 



Through integration by parts, the second-order derivative terms can be changed 
into the first-order ones 

j d\^g^^g-^Ay^dp^F^y = 2 j d'x^gg^^g''^ A^dpF^, = 



d^x^gg^-g 



-F^lsFya + g"''^ AaApF^^i^Hi,^ + Fi 



UTj ) 



(32) 



Hence, the Hilbert- Einstein action ([T]) with the metric (fT9l) can be rewritten as 

S = J d'x^iCp + Ch), (33) 
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where 

C^H = ^g^'^g'^iH^pH,^ - H^^H^p), (34) 

C-F = \g^''g''^[2g^\A,A^F^pF^, + A^ApF,,F,^) - F^pF,^] 

= ("i^'" " Yg^'" + 2^^''^") ^'^^.pFo.u. (35) 

Thus, the action is completely decomposed in terms of the two sectors H and F 
and there are no coupling terms between the two sectors. 

Inserting the expression of the inverse metric, we can rewrite the action in the 
following way with respect to the Minkowski metric rj^y 

+ {Hfj,pHi,a — H^aHyji)]}, (36) 

where the indices are raised and lowered by Minkowski metric as before. The 
action can be further expressed in the explicit form: 

5 = / "'^TrTl^ - ^^'^-^"^ - '^-^"'^ - 

^ITT^^"^"'^^ + ZiS^S"}. (37) 
where = A - dA^j, — {d ■ A)Afj, is defined in Eq. (fT2l) . and 

B^ = A-dA^- ^d^A^ = A'F,^. (38) 

So 52 can also be expressed as: 5^ = 5^5^ = (1 + A^){T]t"' - g^"')F^acFJ' . 
Obviously, is always orthogonal to the vector A^: 

A-B = Q and g^^A^B^ = 0. (39) 

Adopting the relation 0121) and integration by parts, the above action can be 
reexpressed as 

" = 64^3 / ^'-{-^^ ■ P + ^ICi ■ - + ^ («) 

Thus, expressed in the Minkowski metric, plays the role of potential for the 
two sectors of gauge field theories. In particular, if we can choose some gauge 
to keep A^ constant, we can take it as part of the "effective coupling constants" 
of the two sectors of gauge field theories. The effective coupling constants run 
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in an opposite way, with two extremal limits — > — 1 and — t- oo. This inverse 
relation between the coupling constants of the two sectors is also seen in ordinary 
gauge field theory and its dual. This relation implies that, if one sector is strongly 
coupled, the other is weakly, and vice versa. For the special case = 0, the two 
sectors cancel out. 

In our case, h^^, = A^A^ and so 

d^h^, = A^d-A + B^. (41) 

From Eq. (139|) . we can express: = Bf^d^h^i,. For A"^ ^ 0, the harmonic gauge 
condition d^h^y = leads to the Lorentz gauge: d ■ A = in gauge field 
theory (multiply d'^h^y by A^). This further gives B^ = 0. So the harmonic 
gauge condition is too strong here. Therefore, instead of ([6]), we can choose the 
Lorentz gauge d ■ A = here, under which we have: B'^ = {d'^hf^y){duh^'^). 

We may consider a more special case: A"^ is constant and {A-dA^){A-dA^) = 
Afj_{A ■ d)'^A^ = (but the components A ■ dA^ do not need to be zero). These 
two conditions lead to -B^ = and {A ■ VA^){A ■ VA^) = 0, since 

A.VA, = B, + ^^^^^^d,A'. (42) 

If Afj^ is Killing vector, this is always true. 

In this case, it is easy to know that the gravitational action ( l40l) only changes 
sign and has the same equations of motion under the replacement: 

v'^'A.Ay = A'-^ "TT^ = -^7'^'^^/.^., (43) 

given that the derivatives of A^ are unaltered. This replacement maps one limit 
— 7- — 1 to the other A"^ — j- oo, and vice versa. For A"^ = 0, this maps it to itself. 
Thus, the effective coupling constants of the two sectors of gauge field theory 
are interchanged, though there is no essential change in the whole gravitational 
action. More specifically, the action in this case can be simplified to, using Eq. 

m 

S = f d^xF.^F^'r (44) 

Thus, the gravitational action takes the form of a gauge field theory. It can have 
a very large effective coupling constant for small \A'^\ (note that this is for the 
whole gravitational action, while the effective coupling constants of the F and H 
sectors become extremely large at — )■ — 1 and — ?■ oo, respectively, as shown 
in ( HOl) ). For black hole solutions, A^ = and the on-shell gravitational action 
vanishes, as expected. 
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Finally, we write down the action for a minimally coupling massive scalar $ 
in the decomposed theory 

S = f d^x IVYTA^F ■ F + , ^ (g -H-H^) 

UttG J \ v^TTA^ 

= j d^x + A2(F ■ F + 29^<l>9''<l + 2m2<|2)+ (45) 

—2==[{H ■H-H^) + 2A^A''{F^^FJ^ + 9^<l>9,<l)] 1 . 
vl + ^ J 

where $ = 4v^7rG$. Thus, 5^ provides a term that acts like an exterior field, 
like the scalar $. 

3.2.2 Inclusion of the scalar 

We next consider the action involving the scalar field (f). Because the actions ( 1371) 
and f HOj) are correct for general A^, we can derive the action in the present case 
by replacing all A^ by e'^A^ in there. From Eq. fl37|) . the resulting action turns 
out to take a similar form to the previous case 

^=64^/ '''^tSi W^-x)F-F-iH.H- H^)\ (46) 



where x = A^e'^'^, and jp.,B^ are the same as defined in Eq. (fT2|) and (!38|) . 
respectively (but the vector is different now). Similarly, using Eq. ( TT^ and 
implementing integration by parts, the action can be rewritten as 

S = I ciW^ |/r + iF . F - ^7^[(^ ■H-H') + 2e"^B' + 8j ■ 

3.3 GEM 

We can rewrite the Kerr black hole solution ( lT4lfT6|l in the Kerr-Schild coordinates 
in the following way 

ds^ = -(1 - f)dx^dx^ + 2f{k ■ dx)dx^ + (1 + f)dx^ + 2fk^kndx"'dx'', (48) 

with m 7^ ra, by noting that = k'^ = 1. Compared with the metric ([7]), there 
are some extra terms. This exact Kerr metric can be passed to the one (JTj) in the 
weak field limit, where GEM is usually discussed. Our discussion above can give 
the exact form of GEM and so can lead to the GEM in weak field limit. It is 
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clear that the second-order derivative terms of the equations of motion from the 
action (140|) or ( 144|) are the usual equations of motion in gauge field theory. They 
should lead to the GEM equations (IE]) obtained in linearised gravity (also based 
on second-order derivative terms) by taking the weak field limit. 

Notice that, for non-rotating black holes iHM with a = 0, we have Fij = 0. 
Thus, there is no GM force. 

4 Alternative approach 

In this section, we consider another approach to decomposed gravity and GEM. 
We consider the metric of the following form: 

ds^ = g^^dz'^dx" = -(1 - hoo)dx°dx° + 2hoidx°dx' + dx^, (49) 

where the factor 2 before h^i comes from the symmetry of h^i = hiQ. This metric 
is similar to the GEM metric ([7]), but is differen in the part of spatial coordinates: 
Qij = (1 + $)5jj in ([7]) is replaced by gij = 6ij here. For later convenience, we 
denote /iqo = 2Aq and hoi = Ai. Thus, the metric can be expressed as 

ds"^ = n^^dx^dx" + 2dldx^, (50) 

where dl = A^dx'^, the same as that defined in Eq. 0211] . The determinant of the 
metric is 

^ = _(1_2Ao + 1-/) = 4t' (51) 

5 

and the inverse metric is 

^ g\~Ai g6ij + AiAj 

It is easy to know that a test particle of mass m moving in this spacetime is 
depicted by the action: Sp = —m f dtCp, with 

Cp= [{1 - 2Ao) - 2A ■ V - v^]^2 r^i-Ao-A-v--v^, (53) 

where = dx'^/dx^ are the velocities of the particle at some position x\ This 
Lagrangian is more regular compared to the form given in [12l [5] because here we 
adopt the simpler metric ( 149!) instead of ([7]). It can be viewed as a Lagrangian 
describing a particle, with the charge and mass identical, moving in an electro- 
magnetic field-like background. In what follows, we shall discuss the gravitational 
theory with the metric (H^ exactly. 
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Using the denotations ([9]) for the two sectors of the first derivatives of A^, we 
can express the Christoffel symbols as 

= \g^'H,, + ^g'^F,,, (54) 

Thus, r^j^ are completely composed of the combinations of all the components 
of Hfj_i, and F^i^. Every component of Hf^^, and F^jy contributes to the Christoffel 
symbols and there is no overlapping of components. Under the "no-GEM-forces" 
conditions F^^, = 0, the Christoffel symbols f l5^ are simply F^j, = {g^^ /2)H^^. 
The Ricci tensor is derived from the expressions fl5^ of the Christoffel symbols 

Roo = Ig'n^diFo, + g'^'iHoiHo, - H^jHoo) + 2g'^^{Ho,F,^ - H,,Fo,) + g^'F.^.F,,], 
Ro^ = R^o = \w^d,F,^ + g'^^d.F^o) + g'^'^g'^iHo^H,, - H^^H,^) + g^^g^'' {H,,F^, 



Hj^^F^u) + g'^g'^iH.^Fo, - H,,F,,) - g^^ g^^'' F,,F,J\,{hh) 



= ^[2g^''{d,F^, + d.F^i) + g^'g^'^iH^^H,, - H,,,H,,) + g^^g^^'iHi^F,, + H,^F,, 



The Ricci scalar is 



R = -2g'''d'^F^, + ^(^?°°^7^" - g^'-g^'ng'^F^.F^p - g^^g^'^g"^ F^^H^p 

+-/'g^''g''^{H,,H^p - H,^H,p). (56) 



It can be proved that the second derivative terms in the above Ricci tensor ( l55l) 
and scalar ( l56l) are the same as given in Eqs. ([3]) and (jlj), respectively. 
We also change the second-order derivative terms into first-order terms 

-j d\^gg''-g^^d^F,, = j d''x^g{g^^g^''d^Ap + g^''g^^dpA^)g''^ F,,. (57) 



Inserting this into the Ricci scalar fl56|) . we can rewrite the Einstein-Hilbert action 
([1]) with the metric (H9|) as the following form of first derivatives 

S = j d^x^iU + Ch), (58) 

where 

jCh = ^^g^'^g'^H^.H^p - H,^H,p). (59) 
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i^F = —{g'^g'"' - g'^g'^g'^F^pF^ 



(60) 



In the derivation, we have noticed that g'^'^g'^^H^pF^^ = 0. Hence, we also 
decompose the action ([T]) completely in terms of the H and F sectors of Abelian 
gauge theory. The full Ch and the first term of £i? are respectively the same 
as those given in Eqs. flM|) and fl35l) . In contrast to ordinary gauge theory in 
curved spacetime, there are also extra factors like 1/g in the two sectors of "gauge 
theory" . 

From Eq. flS2]) . we learn the following relation 

g'\g'' - n = g''g''- (6i) 

Thus, we can get an explicit form of the action 

^ = 7^ I d^x-^g''^[25'^F,,F,p - g^^'^iH^pH^, - H^^H.p)]. (62) 
o47rG J y—g 

Because g^"" in front of the H sector contain an extra factor 1/g m contrast to 
the factor of the F sector, the two sectors also have different dominance in the 
action, depending on the value of \g\. 

However, the decomposed theory does not lead to realistic GEM because 
we have adopted the simplified GEM metric f H9|) instead of the GEM metric 
([7]). In order to get realistic GEM, we only need to take into account of the 
metric components gij = (1 + 2AQ)5ij and add the following extra terms to the 
corresponding Christoffel symbols given in Eq. ( l54l) 

Ar^, = g^'^dMk, Arj,. = -g^PdpA^d,^ + g^\diA^5ju + d^A,5,u). (63) 

Finally, we also note that the results can be extended to the case for any 
"crossing metric" like (H9|) in arbitrary dimensions. For instance, the metric can 
be of the form ds"^ = guNdx^'^ dx^ = rj^^dx^dx'' + 2h^^dx^ dx^ + (1 + h^5)dx^dx^ 
in five dimensions. A similar form of the metric is usually adopted in the Kaluza- 
Klein theory. Thus, similar results to the GEM case discussed above can be 
derived in terms of the two sectors Hmn and Fmn by denoting Am = {A^ = 

h5^,A5 = /l55/2). 



5 Conclusions 

We have studied the Einstein-Hilbert theories ([1]) with the Kerr-Schild-type met- 
ric ([in]) and the simplified GEM metric in a direct and exact approach. We 
have shown that they can be decomposed into two pieces of Abelian gauge the- 
ories, with one in the "left-moving" sector and the other in the "right-moving" 
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sector. These two Abelian gauge theories are equivalent in Minkowski spacetime. 
This is consistent with the ideas of the gauge and gravitational field origins in 
string theory. In particular, the decomposed gravitational action expressed in 
Minkowski metric shows a sign of strong-weak duality between the two sectors 
of gauge field theories, just like the situation in ordinary gauge field theory. It is 
also shown that the decomposed action can be simplified to a gauge field theory 
under some conditions. 
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